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Abstract 

o\. 

We show that a differential module is Gorenstein projective if and only if its underlying 
module is Gorenstein projective. Dually, a differential module is Gorenstein injective if and 
f-H 1 only if its underlying module is Gorenstein injective. 

+-> 

1 Introduction 

Let R be a ring. A differential module (M, 5) over R is by definition an i?-module M equipped 
with an ii-endomorphism 5 of square zero. A homomorphism from a differential module (M, 5 m) 
to a differential module {N, 5 m) is an i?-homomorphism from M to N such that 5m f = f$N- We 
denote by Diff(R) the category of all differential i?-modules. Note that it is just the module 
category of the ring of dual numbers over R [Bj. In particular, it admits enough projective 
^ ■ objects and enough injective objects. 

The notion of differential modules already appeared in Cartan and Eilenberg's book [6] five 
decades ago. However, it is recent thing that the study of differential modules is founded inter- 
esting in their own right. In the paper [2], Avaromov etc. studied class and rank of differential 
modules, given common generalizations of important results in commutative algebra and graded 
polynomial rings. Ringel and Zhang [11] recently provided interesting relationship between the 
module category of a hereditary (artin) algebra R and the stable category of Frobenius category 
C of perfect differential modules over R, and they also described the representation theory of C. 

This paper focuses on Gorenstein homological theory of differential modules. Gorenstein 
homological theory originated in the works of Auslander and Bridger [1] , where they introduced 
G-dimensions. Enochs extended their ideas and introduced Gorenstein projective, Gorenstein 
injective and Gorenstein flat modules and correspondent dimensions over arbitrary rings, see the 
book [9] for details. Later Gorenstein homogical theory was extensively studied and developed 
by Avromov, Martsinkovsky, Christensen, Veliche, Sather-Wagstaff, Chen, Beligiannis, Yang 
and many others (see for instance [SI SI El 1HI HOI H21 [TSl H3] etc.). 
Our main result states as follows. 

Theorem 1.1 Let R be a ring and (M,5) a differential module. Then (M,5) is Gorenstein 
projective ( in the category of differential modules ) if and only if M is Gorenstein projective ( in 
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the category of R-modules) . Dually, (M,5) is Gorenstein injective if and only if M is Gorenstein 
injective. 

The theorem provides interesting relationships between Gorestein homology theory of differ- 
ential modules and that of their underlying modules. Furthermore, we have the following result. 
Here, GpdM (respectively, GidM) means the Gorenstein projective (respectively, Gorenstein 
injective) dimension of the module M and Ggdi? means the Gorenstein global dimension of R. 

Theorem 1.2 Let (M,5m) be a differential module and n be an integer. 

(1) Gpd(M,5 M ) < n if and only if GpdM < n. 

(2) Gid(M, 5m) < n if and only if GidM < n. 

(3) GgdDifF(R) < n if and only if GgdR < n. 



2 Basic results on differential modules 

We write the element in a direct sum as a row vector. For two maps / : M — > N and g : N — > L, 
we use fg to denote the composition of these two maps. Throughout the paper, we fix R a ring 
(which is associative with an identity). 

Let X be an i?-module. It is easy to see that (X © X, K ^ ) is a differential module and 

such differential module is called contractible [2]. 

The following easy lemma is useful in describing homomorphisms between a differential 
module and a contractible differential module. We leave its proof to the reader. 



Lemma 2.1 Let (M,5) be a differential module and X an R-module. 

(1) Let f eRom R (M,XeX). Then f G Hom Diff(R) ((M, 6), (X © X, . 1 Q 
if f = [g fig) for some g G Rom R (M, X). 

(2) Let f G Hom H (X © X, M). Then f G Hom Diff (R) {(X © X, ft |jj ), (M, 5)) if and only 

if f = ( 9 J for some g G Rom R (X, M). 



9 , 

By the above lemma, we can represent every homomorphism from the differential module 
(M, 5) to a contractible differential module (X © X, ^ jjj ) as the form (g 8g), where g G 

Hornjj(M, X). Similarly, we represent every homomorphism from (XffiX, f ^ j) to (M,5) as 



the form 



Lemma 2.2 Let f : (M,5m) (N,5n) be a homomorphism between differential modules and 
X an R-module. 

(1) Hom R (f, X) is an epimorphism if and only if Homrjifr(R) (/, {X © X, f ^ ^ )) 
epimorphism. 

(2) Rom R (X, f) is an epimorphism if and only if Hom D iff(R) 
epimorphism. 



is an 



is an 
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Proof. (1) Assume first Hom^(/, X) is an epimorphism. Given a homomorphism (g <5m<?) G 
Hom D j ff ( R )((M, 5m), (X © X, ^ ^ )), where </ G Hom/j(M, X), then we have that g = fh for 
some /i G HoniK(Af, X), by assumptions. Since 5m f = /#iv, we see that (g 5mq) = f(h 5]\fh) 
with (/i (5jv/i) G Hom Diff(R) ((iV,(5jv),(X © X, ^ ^)). It foilows thatHom Diff (R) (/, {X © 

X, ^ o^)) * s an e Pi mor P m sm. 

Assume now Hom Diff ( R ) (/, {X © X, ^ q^)) * s an epimorphism. Given a homomorphism 
# G Hom R (M,X), we have (g 5 M g) G Hom Diff(R) ((M, £ M ), (X ©X, ^ ^)). Hence there 

is some (h 5 N h) G Hom Diff(R) ((X, 5 N ), (X © X, ^ ^)) such that (5 5 M g) = f(h 5 N h), 

where h G Hom#(X, X). It follows that g = fh and so Hom^(/, X) is an epimorphism. 

(2) The proof is dual to that of part (1). □ 

We have the following useful corollary. 

Corollary 2.3 Assume that — > (M,5m) — > (N,Sn) — > (L,5l) — > (f) is an exact sequence 
of differential modules and X is an R-module. Then 

(1) Hom D ; ff ( R )(f, (X © X, ^ 0^)) * s exac t if an d on ly */Hom^(f,X) is exact. 

(2) Hom Diff ( R )((X © X, ^ 0)^'^ * S exact an, d on ^V Hom^(X, |) is exact. 



3 Gorenstein differential modules 

We begin with the following general result. 

Lemma 3.1 Let (M, 8) be a differential module and C be a class of R-modules. Assume that 

o^lAcAm^o (J) 

is an exact sequence of R-modules such that C G C and Hom^(C", \) is exact for any C G C. 
Then there is an exact sequence of differential modules 

/-i h\ u\ 

0^(C®L,6 C(B l) V — ► ' (C©C,(j JJJ) V V (M, <*)->(), (M) 
/or some h G HoniR(C, C) ; such that 

(1) Hom Diff(R) ((C" © C, ^ 0) )> M) ^ exaci for any C G C. 

(2) For any R-module X , Hom^(|,X) is exact if and only «/Hom D iff( R )(tti (X©X, ^ ^ )) 
is exact. 

Proof. Since Hom^(C, \) is exact by assumptions, Hom^(C, ir) is epi. Hence, there is some 
h G Hom^(C, C) such that 7r<5 = hn. Now we can construct the following commutative diagram. 
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o _ L <ii> CmL \2u c o 

ii (';) / I nS 

A V 7 X 7T 

— L — C — M — 

It is easy to see that the above diagram is a pullback. Hence there is an exact sequence 

7T(V 















ism | 









O^CffiL v — ► ' C@C M^O. 



have an exact sequence of differential modules. 



G Hom Diff(R) ((C © C, f J jjj ), (M, 5)), so we indeed 



1 M /tt5 
a) / \ U 



0^(C©L,<5 c ©l) v — ► ' (C©C,r ")) ^ (M,5)^0, (H) 

For any C" € C, we have that Hom^(C", 7r) is epi, since Hom^(C', J) is exact by assumptions. 
It follows easily that Hom^(C", ) * s a ^ so e Pi - ' wmcn in turn means that HornR(C", is 

exact. Hence we obtain that Hom Diff ( R )(((7 © C, ^ jjj ),£:):) is exact for any C G C, by 
Corollary IQ 

Now take any i?-module X. On one hand, suppose that Hom^(J,X) is exact. Then, given 
a homomorphism ^ Hom/j(C ©L,X), there is some 9 G Hom/j(C, X) such that g L = 

X9. Then we can check that = ( q ^) q 9c ^j ■ Hence HornR^t., X) is exact. 

Consequently, Hom Diff ( R )(H, (X © X, ^ )) is exact by Corollary 12.31 

On the other hand, suppose that Hom Diff ( R )(U, (X© X, ^ o)^ * S exac ^' wmcn ^ s equiva- 
lent to say that Hom^j(H, X) is exact by Corollary |2.31 Given a homomorphism x G Hom/j(L, X), 
we obtain ^ € Hom J? (C © L,X). It follows that there is some ^\ G Hom fi (C © C,X) 

such that ^\ = f ^ (^) ■ Hence x = Xz and consequently Hom^(A,X) is epi. Thus, 
B.om.R(l,X) is exact. □ 

Dually, we have the following result. 
Lemma 3.2 Let (M, 5) be a differential module and C be a class of R-modules. Assume that 

o^mAc4i^o t° 

is an exact sequence of R-modules such that C G C and Hom^(J°,C") is exact for any C G C. 
Then there is an exact sequence of differential modules 

U h 

(A SX) / \ 1° ~ l ) 

0->(M,S) y — ► ' (CffiC,(V jjj) V — ► y (LffiC,W)^0, 

/or some /i G Hom^(C, C), such that 

(1) Hom Diff(R) (r, (C © C", r °) )) is exaci /or any C G C. 



(2) For any R-module X, Hom/j(X, \°) is exact if and only i/Hom Diff ( R )((X©X, M ), U°) 
is exact. 

Let C be a a class of i?-modules. Recall that a proper C-resolution of an ii-module M is an 
exact sequence • • • — > C2 — > Ci — > Co — > M — > (*), where Q G C for all i > 0, such that 
Hom/j(C, *) is exact for any CgC. 

Dually, a proper C-coresolution of an i?-module M is an exact sequence — > M — >• Co — >• 
Ci — > C2 — > • • • (*°), where Ci € C for all i > 0, such that Hom#(*°, C) is exact for any C € C. 

In the following, we denote by C 5 the class of differential modules (C © C, K ^ ) with 

C G C. 

Lemma 3.3 Let (M, <5m) G DifT(R) and C be a class of R-modules which is closed under direct 
sums. Assume that there is a proper C-resolution of the R-module M , say, 

► C 2 % Ci % C 4 M ->• 

Denote Mi = Imcj /or i > 0. T/ien i/tere is a proper C s -resolution of the differential module 
(M,5 M ) 



() ,, , (M,5 M )^0 



such that 

(1) Qi ^ ©i =0 Cfe « nrf KeT Qi -Qi® M i+1) for all i > 0; 

(2) For any R-module X, Hornet], X) is exact if and only i/Homrjiff(R)(llt|j (X®X, ^9 q!)) 
is exact. 

Proof. Note that Mq = M and we have exact sequences 

M l+1 hd^Mi^Q %) 

such that 7TjAj_i = q and Hom^(C, t]j) is exact for any C G C. 
Consider firstly the exact sequence 

-> Mi ^ C ^ M -> 0. (t|o) 
By Lemma 13. 11 we obtain an exact sequences of differential modules 

^ (Co © M 1 , fcoeM: ) -> (Co © Co, (J ^ ) -»• (M , <5 Mo ) -> 0, (^0) 

such that Hom D iff(R) ((C © C, K ^ ), is exact for any (C © C, ^ ^ ) G C 5 and such that 

Homjj^o, X) is exact if and only if Hom D iff(R,)(t]tlo> (X®X, ^ ^ )) is exact, for any i?-modulc 
X. 

Note that we have an exact sequence of i?-modules 

(1 

(0 Al) 10 7Ti 

->• M 2 v — ► 7 C © Ci v — > y C © Mi ->■ (ft) 

which comes from (t]i) and that Hohir(C, ft) is exact for any C G C, since Hom^(C, ft) is exact. 
Thus, by repeating the above process to the exact sequence (ft) instead of (t|o), and so on, we 
obtain exact sequences of differential modules 
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o-KJVi+i.^j-KQieQi, (J Jj)^(JVi,^)^o, (^) 

where Qi ~ ©i =0 C ft and ~ Q { © M i+ i, such that Hom Diff(R) ((C C, ^ q!),^) 

is exact for any (C © C, ^ J^) € C* 5 and such that Hoxur^, X) is exact if and only if 

Hom D iff(R)(^t]i, (X © X, ^ ^ )) is exact, for any i?-module X. 

Now the desired sequence (t|t|) follows by combining together the short exact sequences (t^i)'s. 

□ 

We also have the following dual result. 

Lemma 3.4 Let (M,5m) £ Diff(R) and C be a class of R-modules which is closed under direct 
sums. Assume that there is a proper C-coresolution of the R-module M , say, 

o^m4c ^Ci4c 2 ^-- (If) 

Denote Mi = Imq for i > 0. Then there is a proper C s -cores olution of the differential module 
(M,5 M ) 



0^(M ! 5)4(Q ©Qo,(; °))^(Qi©Qi,(° °))^(Q 2 ©Q 2 ,(° J); 



n 



(1) Qi ~ ©^, =0 Cfc and Cokeroj ~ Mj+i © Qj, /or a// i > 0; 

(2) For any R-module X, Hom^(X, \\°) is exact if and only i/Hom D iff(R)((X©X, I ^ ), t|t| 
is exact. 

The following result describes differential modules which are orthogonal to contractible dif- 
ferential modules. 

Proposition 3.5 Let (M,5) £ Diff(R) and X be an R-module. Then 

(1) Ext^ iff(R) ((M, 5), (X © X, ^ ^ )) = for all i > 1 i/ and only ifExt R (M, X) = /or 
all i>0. 

(2) Extj Diff(R) ((X © X, ^ ^ ), (M, 5)) = for all i > 1 i/ and onfy if Ext R (X, M) = /or 
alli>0. 

Proof. (1) Take a projective resolution of the i?-module M 

> P 2 ^ Pl 4 P ^ M -> 0. (l|p) 

By Lemma 13.31 there is a projective resolution of the differential module (M, o^) 

■••-KQa©Q 2 ,(2 o))^(Qi©Qi,(5 o))^(Qo©Qo,(J J))^ (M,fo) ->o, (i^ P ) 

such that Hom^(t]p,X) is exact if and only if Hom Diff ( R )(t]llp, (X©X, ^ ^ )) is exact. Hence, 
we can deduce that 

Exti3 iff(R) ((M, 5), (X © X, f J [J) )) = for alH > 1 
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^ Hom Diff(R) (^ P , (X © X, ^ )) is exact 

<=^> Hom^(t]p,X) is exact 
44> Ex4j(M, X) = for all i > 1. 
(2). The proof is dual to that of (1). □ 

Given a ring R, a Gorenstein projective module G is defined to be the image of the homo- 
morphism go which is given by an exact sequence of projective P-modules 

...^ Pl 9 -\p 9 AP^ 9 4... ' (t G ) 

such that Homp(f G ,P) is exact for any projective P-module P. 

Dually, a Gorenstein injective module Q is defined to be the image of the homomorphism qo 
which is given by an exact sequence of injective R- modules 

...^h'-M^Ai^U... (t«) 

such that Homp(J, f^) is exact for any injective Pi-module I. 

Note that the projective differential module over R, i.e., the projective object in Diff(R), 
are just contractible differential modules such that their underlying modules are projective R- 
modules [6l Chap. IV]. Similarly, the injective differential module over R, i.e., the injective 
object in Diff (R), are just contractible differential modules such that their underlying modules 
are injective R- modules. 

We now describe Gorenstein projective (respectively, Gorenstein injective) differential mod- 
ules over R. 

Theorem 3.6 Let (M,6m) be a differential module. 

(1) (M,5m) is Gorenstein projective if and only if M is a Gorenstein projective R-module. 

(2) (M,5m) is Gorenstein injective if and only if M is a Gorenstein injective R-module. 

Proof. (1) The only-if-part. Since (M,6m) is Gorenstein projective, there is an exact sequence 
of projective differential modules 

• ■ • (P ls d 1 ) -> (P , 5 ) -+/ (P_i, -+ ■ ■ ■ (t G ) 

such that (M,5m) = Im/ and Hom Diff ( R )(t G , (P © P, ^ ^ )) is exact for any projective 

o oV , „ , „ „ „™., . „ „ G 



differential module (P © P, ( ^ oj^' ^ follows from Corollary 12.31 that Homp(| , P) is also 

exact for any projective module P. Hence we see that M is Gorenstein projective. 

The if-part. Assume that M is Gorenstein projective, then there is an exact sequence of 
projective modules 

> P 2 ^ P2 Pi P ^ Po P-i ^P' 1 P-2 ^ p ~ 2 ■■■ (*) 

such that M = Impo and Homp(*, P) is exact for any projective module P. Then we have two 
exact sequences 

► P 2 -> P2 Pi -> Pl P M -)■ (*,) 

and 

-)■ M P_i ^P" 1 P_ 2 ^ P ~ 2 • • ■ , (* r ) 

such that both Homp(*;,P) and Homp(* r ,P) are exact for any projective P-module P. 
By Lemmas 13.31 and 13.41 we obtain two exact sequences 

■••-KQ2©Q 2 ,(5 o))^(Qi©Qi,(i q))^(Qo©Qo,(J °))^(M,<W)^o (**,) 
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0^(M,5 M )$(Q-i®Q-i,(® °V-^(Q- 2 ©Q-2,(J o))^ 2 "-' (**r) 
where Qj's are projective P-modules, such that both Hom Diff ( R )(**|, (P © P, ( n ))) anc ^ 



Hom/j(** r , (P © P, ^ ) are exact for any projective differential module (P © P, M ^ ). 

Now combining sequences (**/) and (** r ) together we obtain an exact sequence of projective 
differential modules 

■■■^(Q 2 ©Q 2 ,(J o))^(Qi©Qi,(j o))^(Qo©Qo,(j 



(Q-i©Q-i,(J 2))^(Q- a eQ- 8 ,(; °): 



9-2 



(**) 







such that (M, 5m) = Im<Zo an d Hom Diff ( R )(**, (P © P, f ^ )) is exact for any projective dif- 
ferential module (PffiP, ^ j^). It follows that (M, 5m) is a Gorenstein projective differential 
module. 

(2) The proof is dual to that of (1). □ 

Let M be an P-module. The Gorenstein projective dimension of M, denoted by GpdAf, 
is defined to be the minimal integer n such that there is an exact sequence — > G n —)••••—>■ 
Go — > M — > with all Gj's Gorenstein projective, or oo if no such exact sequence exists. 
The Gorenstein injective dimension of Af , denoted by GidM, is defined dually. Moreover, the 
supresum of Gorenstein projective dimensions of all P-modules coincides with the supresum of 
Gorenstein injective dimensions of all P-modules, which is called the Gorenstein global dimension 
of R and is denoted by GgdP [5] . 

We have the following result for these Gorenstein homological dimensions. 

Theorem 3.7 Let R be a ring and (M,5m) be a differential module and n an integer. 

(1) Gpd(M, 5m) < n if and only i/GpdM < n. 

(2) Gid(M,<5 M ) <n if and only if GidM < n. 

(3) GgdDifF(R) < n if and only i/GgdP < n. 

Proof. (1) Assume first Gpd(M, 5m) < n - Then there is an exact sequence of differential 
modules 

0^(M n ,5 n )^(P n _ 1 ffiP n _ 1 ,^ j^)->...->(p eP ,(j %^(M,5 M )^0 

such that Pj's are projective P-modules and (M n ,5 n ) is a Gorenstein projective differential 
module, see for instance [9]. Hence, we have an exact sequence of P-modules 

M n ->• P n _i © P n _i -)■ ► P © P M -> 0. 

Note that each Pj © Pj is projective and that M n is Gorenstein projective by Theorem I3.6| so 
we have that GpdM < n. 

Now assume that GpdAf < n. Then we have an exact sequence of P-modules 

-> L n -> C n _i -> ► C -»• M -> 

such that L n is Gorenstein projective and that each Cj is projective, see also [9]. By Lemma 
73l we obtain an exact sequence of differential modules 
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->• (N n , 6 n ) ->• (Q n -i © Qn-i, ( j Q J)^ >(<2o©Qo, L J) -> (M,(5 M ) ->0, 

such that ~ ®^ =0 Cfc and iV„ ~ Q n -\ ffi L n . Obviously, Qj's are projective and N n is 
Gorenstein projective. Hence (N n ,5 n ) is a Gorenstein projective differential module. It follows 
that Gpd(M,<5 M ) < n. 

(2) Dually to the proof of (1). 

(3) By (1) and the definition of Gorenstein global dimension. □ 
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